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Transport properties of the classical antiferromagnetic XXZ model on the square lattice have been
theoretically investigated, putting emphasis on how the occurrence of a phase transition is reflected
in spin and thermal transports. As is well known, the anisotropy of the exchange interaction
∆ ≡ Jz/Jx plays a role to control the universality class of the transition of the model, i.e., either
a second-order transition at TN into a magnetically ordered state or the Kosterlitz-Thouless (KT)
transition at TKT , which respectively occur for the Ising-type (∆ > 1) and XY -type (∆ < 1)
anisotropies, while for the isotropic Heisenberg case of ∆ = 1, a phase transition does not occur
at any finite temperature. It is found by means of the hybrid Monte-Carlo and spin-dynamics
simulations that the spin current probes the difference in the ordering properties, while the thermal
current does not. For the XY -type anisotropy, the longitudinal spin-current conductivity σsxx (=
σsyy) exhibits a divergence at TKT of the exponential form, σ
s
xx ∝ exp
[
B/
√
T/TKT − 1
]
with B =
O(1), while for the Ising-type anisotropy, the temperature dependence of σsxx is almost monotonic
without showing a clear anomaly at TN and such a monotonic behavior is also the case in the
Heisenberg-type spin system. The significant enhancement of σsxx at TKT is found to be due to the
exponential rapid growth of the spin-current-relaxation time toward TKT , which can be understood
as a manifestation of the topological nature of a vortex whose lifetime is expected to get longer
toward TKT . Possible experimental platforms for the spin-transport phenomena associated with the
KT topological transition are discussed.
I. INTRODUCTION
Transport phenomena in magnetic systems reflect dy-
namical properties of interacting spins, such as magnetic
excitations and fluctuations. Of recent particular interest
is spin transport which is becoming available as a probe
to study magnetic properties thanks to the development
of experimental methods in the context of spintronics [1–
6]. This demands to explore the fundamental physics un-
derlying the association between the spin transport and
magnetic phase transitions. In this paper, we theoreti-
cally investigate transport properties of two-dimensional
antiferromagnetic insulators, putting emphasis on the ef-
fects of magnetic anisotropy which plays a role of con-
trolling the universality class of the system.
A minimal model of two-dimensional antiferromag-
nets with magnetic anisotropy would be the classical
nearest-neighbor (NN) antiferromagnetic XXZ model on
the square lattice. The spin Hamiltonian of the system
is given by
H = −J
∑
〈i,j〉
(
Sxi S
x
j + S
y
i S
y
j +∆S
z
i S
z
j
)
, (1)
where Sαi is α-component of a classical spin Si at a lattice
site i, 〈i, j〉 denotes the summation over all the NN pairs,
J < 0 is an antiferromagnetic exchange interaction, and
∆ > 0 is a dimensionless parameter characterizing the
magnetic anisotropy. The ground state of this system is
the conventional two-sublattice antiferromagnetic order,
whereas the finite-temperature properties depend on the
magnetic anisotropy ∆. In the isotropic case of ∆ = 1,
Eq. (1) is nothing but the isotropic Heisenberg model,
so that a phase transition does not occur at any finite
temperature. In the anisotropic case of ∆ > 1 (∆ < 1),
the system belongs to the Ising (XY ) universality class
and exhibits a magnetic (Kosterlitz-Thouless topological
[7]) phase transition at a finite temperature TN (TKT ).
The purpose of this work is to clarify how the difference
in the ordering properties among the three cases, ∆ > 1,
∆ < 1, and ∆ = 1, is reflected in the transport proper-
ties. Our main focus is on whether a signature of a phase
transition shows up in the spin and thermal transports
or not.
In the ordered phase at lower temperatures, spin
and thermal currents should be carried by spin waves
or magnons. With increasing temperature, thermally-
activated nontrivial excitations and fluctuations would
come into play. In particular, in the case of the XY -type
anisotropy (∆ < 1), free vortices dissociated at higher
temperature above TKT may strongly affect the current
relaxation, because the topological object of the vortex
is generally robust against weak perturbations, resulting
in a relatively long lifetime compared with the damping
of the spin-wave mode [8–11]. As we will demonstrate
below, this is actually the case for the spin-current relax-
ation. In this paper, we will investigate temperature de-
pendences of the conductivities of the spin and thermal
currents in the Ising-type (∆ > 1), XY -type (∆ < 1),
and Heisenberg-type (∆ = 1) spin systems by means of
the hybrid Monte-Carlo (MC) and spin-dynamics simu-
lations.
Our result is summarized in Fig. 1. The longitudinal
thermal conductivity κxx, which is the response to the
temperature gradient ∇T , is insensitive to the difference
in the ordering properties. κxx increases toward T = 0
as a power function of temperature T in all the three
2cases of ∆ > 1, ∆ < 1, and ∆ = 1, without showing a
clear anomaly at TN and TKT . In contrast, the longitudi-
nal spin-current conductivity σsxx, which is the response
to the magnetic-field gradient ∇H , exhibits temperature
dependences characteristic of the three different univer-
sality classes. For the XY -type anisotropy, σsxx exhibits
a divergent sharp peak at TKT , while for the Ising-type
anisotropy, the temperature dependence of σsxx is mono-
tonic without showing a clear anomaly at TN . In the
Heisenberg-type isotropic case, σsxx shows an exponential
increase toward T = 0. The significant enhancement of
σsxx at TKT is due to the spin-current relaxation getting
slower toward TKT , which can be understood as a man-
ifestation of the topological nature of the vortex whose
lifetime is expected to get longer toward TKT .
This paper is organized as follows: In Sec. II, the
theoretical framework for transport phenomena in mag-
netic insulators will be given. We derive the expressions
for the conductivities of the spin and thermal currents,
and explain the details of our simulations. In Sec. III,
low-temperature transport properties will be discussed
based on analytical calculations within the linear spin-
wave theory. Numerical results on the thermal and spin
transports will be shown in Secs. IV and V, respectively.
We end this paper with summary and discussions in Sec.
VI.
II. THEORETICAL FRAMEWORK FOR
TRANSPORT PHENOMENA IN MAGNETS
In this section, starting from the introduction to
the equation of motion for the spin dynamics, we first
derive the spin and thermal currents by using this
spin-dynamics equation, and then, formulate the spin-
current conductivity σsµν and the thermal conductivity
κµν within the linear response theory. Subsequently, we
will explain numerical methods to integrate the equation
of motion, taking account of temperature effects.
A. Spin dynamics
The spin dynamics, i.e., the time evolution of the spins
for the Hamiltonian (1), is determined by the following
semiclassical equation of motion:
dSi
dt
= Si ×Heffi ,
Heffi = J
∑
j∈N(i)
(
Sxj , S
y
j ,∆S
z
j
)
, (2)
where N(i) denotes all the NN sites of i. Since Eq. (2)
is a classical analogue of the Bloch equation, namely, the
Heisenberg equation for the spin operator, all the static
and dynamical magnetic properties purely intrinsic to the
Hamiltonian (1) should be described by the combined use
of Eqs. (1) and (2). A familiar alternative way to ex-
amine the spin dynamics is solving the Landau-Lifshitz-
Gilbert (LLG) equation [12] which includes a damping
term originally introduced phenomenologically. In this
work, we use Eq. (2) instead of the LLG equation for
the following two reasons: (i) In the LLG equation, the
damping, which is characterized by a dimensionless pa-
rameter α, may be either intrinsic or extrinsic to the
spin Hamiltonian. Equation (2), on the other hand, cor-
responds to the LLG equation without the phenomeno-
logical damping term, so that any relaxation described
by Eq. (2) has its origin in the Hamiltonian (1). As
our focus in the present paper is on fundamental aspects
intrinsic to the spin Hamiltonian (1), we use Eq. (2);
(ii) As we will see in the following subsection, the con-
ventional forms of the spin and thermal currents [13–21]
are derived from the Heisenberg equation or its classical
analogue without the damping term, so that it is self-
consistent to use Eq. (2) rather than the LLG equation
with the additional damping term.
B. Conductivities of spin and thermal currents
In this subsection, we will derive the spin current Jzs
and the thermal current Jth, and then, introduce the
spin-current conductivity σsµν and the thermal conduc-
tivity κµν . We shall start from the general discussion on
a current in the continuum limit. Suppose that a con-
served physical quantity O = ∫ drO(r, t) should satisfy
the continuity equation ∂∂tO(r, t) +∇ · jO(r, t) = 0 with
associated local current density jO(r, t). By multiplying
the both side of the equation by r and integrating over
the whole r region, we obtain
∫
dr r
∂
∂t
O(r, t) = −
∫
dr r∇ · jO(r, t) =
∫
dr jO(r, t).
(3)
Thus, the net current JO(t) is given by [22]
JO(t) =
∫
dr jO(r, t) =
∫
dr r
∂
∂t
O(r, t). (4)
In the present XXZ model given by Eq. (1), the con-
served quantities are the z component of the magnetiza-
tion Mz =
∑
i S
z
i and the total energy H =
∑
iHi with
Hi = −J2
∑
j∈N(i)
(
Sxi S
x
j + S
y
i S
y
j + ∆S
z
i S
z
j
)
, so that the
associated currents, namely, the spin and thermal cur-
rents (Jzs and Jth) are given by
Jzs(t) =
∑
i
ri
dSzi
dt
= −J
∑
i
ri
∑
j∈N(i)
(
Sj × Si
)z
= J
∑
〈i,j〉
(
ri − rj
)(
Si × Sj
)z
, (5)
3Jth(t) =
∑
i
ri
−J
2
∑
j∈N(i)
d
dt
(
Sxi S
x
j + S
y
i S
y
j +∆S
z
i S
z
j
)
=
J2
2
∑
i
ri
∑
j∈N(i)
( ∑
k∈N(i)
{
(Sj × Sk)zSzi
+∆
[
(Si × Sj)zSzk + (Sk × Si)zSzj
]}
+
∑
k∈N(j)
{
(Si × Sk)zSzj
+∆
[
(Sj × Si)zSzk + (Sk × Sj)zSzi
]})
=
J2
4
∑
i
∑
j,k∈N(i)
(
rj − rk
){
(Sj × Sk)zSzi
+∆
[
(Sj × Sk)xSxi + (Sj × Sk)Syi
]}
, (6)
where Eq. (2) has been used in going from the first line
to the second line for each current. The obtained result
is essentially the same as the previously obtained expres-
sions [13–21]. We note that Eqs. (5) and (6) for the
classical spin systems can also be applied for quantum
spin systems by merely replacing Sαi with the associated
spin operator Sˆαi . Indeed, one can verify that with the
use of the Heisenberg equation instead of Eq. (2), the
same expressions as Eqs. (5) and (6) are obtained.
Next, we turn to the conductivities of the spin and
thermal currents. We first introduce the theoretical
framework for the quantum mechanical systems, and
then, take the classical limit. In general, driving forces for
the spin and thermal currents are magnetic-field and tem-
perature gradients, ∇H and ∇T , respectively [see Figs.
1 (a) and (b)], so that the linear response equations are
given by (
js
jth
)
=
(
Ls,s Ls,th
Lth,s Lth,th
)( ∇H
∇T/T
)
(7)
with the spin and thermal current-densities js and jth
[15, 16, 22]. Then, the spin-current conductivity σs and
the thermal conductivity κ are expressed as
σs = Ls,s, κ = T−1Lth,th. (8)
Note that in the present model without a magnetic field,
Ls,th = Lth,s = 0 is satisfied because these quantities
are odd with respect to spins. In the linear response
theory [23], the coefficients La,b can be calculated from
the formula
La,bµν (ω) =
∫ ∞
0
dt e−iωt−ηt
∫ 1/T
0
dλ
〈
ja,ν(−ih¯λ)jb,µ(t)
〉
,
(9)
where 〈...〉 denotes the thermal average in the equilibrium
state. Now, we will take the classical limit of Eq. (9). In
the classical system, by making h¯→ 0 [23], we have
La,bµν (0) =
1
T
∫ ∞
0
dt
〈
ja,ν(0) jb,µ(t)
〉
. (10)
FIG. 1: System setups for the measurements of (a) thermal
conductivity and (b) spin-current conductivity. In (b), the
magnetic-anisotropy axis, which corresponds to the polariza-
tion direction of the spin current denoted by a black arrow, is
assumed to be perpendicular to the two-dimensional sample
plane. (c) Summary of our result: schematic temperature de-
pendences of the longitudinal thermal conductivity κxx (red
curves) and spin-current conductivity σsxx (blue curves) in the
Ising-type (∆ < 1), XY -type (∆ < 1), and Heisenberg-type
(∆ = 1) spin systems in the thermodynamic limit. In con-
trast to κxx commonly following a power-law behavior at low
temperatures, σsxx exhibits temperature dependences charac-
teristic of the three different universality classes. In particu-
lar, in the XY case, σsxx exhibits a divergent sharp peak at
the KT transition temperature TKT .
Thus, in the present classical XXZ model, we obtain the
following expressions for the spin-current and thermal
conductivities:
σsµν =
1
T L2
∫ ∞
0
dt
〈
Jzs,ν(0)J
z
s,µ(t)
〉
,
κµν =
1
T 2L2
∫ ∞
0
dt
〈
Jth,ν(0)Jth,µ(t)
〉
, (11)
where we have used the relation between the total cur-
rent and its current density, js = J
z
s/L and jth = Jth/L,
with L being a linear system size [14–16, 18]. Now, the
problem is reduced to calculate the time correlations of
the spin and thermal currents at various temperatures.
In the present square lattice, the total number of spin
Nspin and the system size L are related by L
2 = Nspin a
2,
where a is a lattice constant. Noting that the time t
is measured in units of |J |−1, it turns out that σsµν is
a dimensionless quantity and κµν has the dimension of
|J |. Although in Eqs. (5) and (6), the currents them-
selves involve the dimension of length, the conductivities
in the present two-dimensional system do not, so that the
length scale of the lattice constant a is not relevant and
thus, we take a = 1 throughout this paper except for the
case where a is explicitly written.
4C. Numerical method
The time evolutions of Jzs and Jth are determined
microscopically by the spin-dynamics equation (2), so
that we numerically integrate Eq. (2) and calculate the
time correlations 〈Jzs,ν(0)Jzs,µ(t)〉 and 〈Jth,ν(0)Jth,µ(t)〉
at each time step. In the numerical integration of Eq.
(2), we use the second order symplectic method which
guarantees the exact energy conservation [24–26]. We
have confirmed that numerical results shown below are
not altered if the 4th order Runge-Kutta method is used
instead of the symplectic method. To properly evaluate
the integral over time in Eq. (11), we perform long-time
integrations typically up to t = 100 |J |−1 − 800 |J |−1
with the time step δt = 0.01 |J |−1 until the time corre-
lations
〈
Jzs,ν(0)J
z
s,µ(t)
〉
and
〈
Jth,ν(0)Jth,µ(t)
〉
are com-
pletely lost.
Since Eq. (2) does not have a phenomenological dissi-
pation term, the thermal fluctuations are only one pos-
sible cause for the current relaxation. Although Eq. (2)
itself is deterministic, such a temperature effect can be in-
corporated by using temperature-dependent equilibrium
spin configurations as the initial states for the equation
of motion (2). In order to thermalize the system to given
temperature T , we perform MC simulations for the spin
Hamiltonian (1). The thermal average is taken as the
average over initial equilibrium spin configurations gen-
erated in the MC simulations. In this work, at each tem-
perature, we prepared 2000-4000 equilibrium spin config-
urations by picking up a spin snapshot in every 1000 MC
sweeps after 105 MC sweeps for thermalization, where
one MC sweep consists of the 1 heat-bath sweep and suc-
cessive 10-30 over-relaxation sweeps.
By carefully analyzing the system-size dependences of
the spin-current conductivity σsµν and the thermal con-
ductivity κµν at given temperatures, we will discuss the
temperature dependences of σsµν and κµν in the thermo-
dynamic limit (L→∞) of our interest.
III. ANALYTICAL RESULTS IN THE
LOW-TEMPERATURE LIMIT: CALCULATIONS
BASED ON THE LINEAR SPIN-WAVE THEORY
Before discussing numerical results, we should know
how κµν and σ
s
µν should behave in the low-temperature
limit. In this section, we will analytically investigate the
temperature dependences of κµν and σ
s
µν based on the
linear spin-wave theory (LSWT). As a low-temperature
ordered state is a starting point in LSWT, one might
be afraid that LSWT cannot be applied to the Heisen-
berg case because of the absence of the long-range or-
der at any finite temperature. As long as there is a
long-range order at T = 0, however, the spin-wave ex-
pansions could still be done locally within the regions
smaller than the spin-correlation length ξs [27]. Thus,
in the Heisenberg case, we introduce a lower cutoff in
the momentum space which corresponds to the inverse
spin-correlation length ξ−1s , and take the temperature
dependence of ξs ∼ a exp[bH |J |/T ] into account, where
bH ≃ 2pi is a universal constant [28].
In this section, we will start from the theory of the cor-
responding quantum spin system, and then, take the clas-
sical limit of relevant physical quantities. By performing
the spin-wave expansion, one can obtain the magnon rep-
resentation of the Hamiltoninan (1) and the spin and
thermal currents in Eqs. (5) and (6). Since in Eq.
(11), the time correlation functions 〈Jth,ν(0)Jth,µ(t)〉 and
〈Jzs,ν(0)Jzs,µ(t)〉 are essential for κµν and σsµν , we will first
examine the associated static thermodynamic quantities,
the equal-time correlation function 〈Jth,ν(0)Jth,µ(0)〉
and 〈Jzs,ν(0)Jzs,µ(0)〉. Then, the dynamical quantities,
i.e., κµν and σ
s
µν due to the magnon propagation, will be
calculated, putting emphasis on their temperature de-
pendences in the classical limit. As we will see below,
the temperature dependence of the thermal conductivity
κµν is almost independent of the magnetic anisotropy ∆,
while the spin-current conductivity σsµν is sensitive to the
ordering properties controlled by ∆.
A. Magnon representation
Although our target system in the present paper is the
classical XXZ model, we consider, for convenience, the
corresponding quantum spin system throughout this sub-
section. The magnon representation of the Hamiltonian
(1) and the spin and thermal currents in Eqs. (5) and
(6) can be derived by using the spin-wave expansions. In
the Ising case of ∆ > 1, the quantization axis of spin is in
the z direction, so that we introduce the transformation
from the laboratory frame to the rotated frame with y
being the rotation axis,

Sxi = S˜
z
i sin(θi) + S˜
x
i cos(θi)
Szi = S˜
z
i cos(θi)− S˜xi sin(θi)
Syi = S˜
y
i
,
where θi = Q · ri and Q = (pi, pi) is the ordering vector
of the two-sublattice antiferromagnetic order. Then, the
Hamiltonian reads
H = J
2
∑
i
∑
j∈N(i)
[
S˜xi S˜
x
j − S˜yi S˜yj +∆S˜zi S˜zj
]
. (12)
By using the Holstein-Primakoff transformation

S˜zi = S − aˆ†i aˆi
S˜xi + iS˜
y
i =
√
2S
(
1− aˆ
†
i
aˆi
2S
) 1
2
aˆi =
√
2S aˆi +O(S− 12 )
S˜xi − iS˜yi =
√
2Saˆ†i
(
1− aˆ
†
i
aˆi
2S
) 1
2
=
√
2S aˆ†i +O(S−
1
2 )
(13)
with aˆ†i and aˆi being respectively the bosonic creation
and annihilation operators and the Fourier transforma-
tion of these operators
aˆ†i =
1√
N
∑
q
aˆ†qe
−iq·ri , aˆi =
1√
N
∑
q
aˆqe
iq·ri , (14)
5we obtain
H = 1
2
∑
q
[
Aq
(
aˆ†qaˆq + aˆqaˆ
†
q
)−Bq(aˆ†qaˆ†−q + aˆqaˆ−q)]
+ const.+O(S0),
where Aq = −4JS∆, Bq = −4JSγq, and γq =
1
2
[
cos(qx) + cos(qy)
]
. The above Hamiltonian for the
aˆq magnons can be diagonalized with the help of the Bo-
goliubov transformation

aˆq = uq bˆq + vq bˆ
†
−q,
uq = u−q =
1
2
[(
Aq+Bq
Aq−Bq
)1/4
+
(
Aq−Bq
Aq+Bq
)1/4]
,
vq = v−q =
1
2
[(
Aq+Bq
Aq−Bq
)1/4
−
(
Aq−Bq
Aq+Bq
)1/4]
,
where bˆ†q and bˆq are the creation and annihilation oper-
ators for magnons. In the XY (∆ < 1) and the Heisen-
berg (∆ = 1) cases, we take the quantization axis in
the x and z directions, respectively. The diagonalized
magnon Hamiltonian in the three cases, ∆ > 1, ∆ = 1,
and ∆ < 1, is summarized as follows:
H ≃
∑
q
εq bˆ
†
qbˆq, εq =
√
A2q −B2q,
Aq = 4|J |S
{
∆ (∆ ≥ 1)
1− 12 (1 −∆)γq (∆ < 1)
Bq = 4|J |S
{
γq (∆ ≥ 1)
1
2 (1 + ∆)γq (∆ < 1)
γq =
1
2
[
cos(qxa) + cos(qya)
]
, (15)
where we have dropped constant and higher-order terms.
Note that in the XY and Heisenberg cases of ∆ ≤ 1, the
magnon is a gapless excitation, while in the Ising case
of ∆ > 1, the magnon excitation has the gap ∆gp =
4|J |S√∆2 − 1.
In the same manner, the thermal and spin currents in
Eqs. (6) and (5) can be expressed by the bˆq magnons as
follows:
Jth =
(
4|J |S)2∑
q
ε˜q v˜q bˆ
†
qbˆq +O
(
S1
)
, (16)
Jzs =


2|J |S∑q v˜q[AqBq (bˆ†qbˆ†−q+Q + bˆqbˆ−q+Q)
−(bˆ†qbˆq+Q + bˆqbˆ†q+Q)
]
+O(S0) (∆ ≥ 1)
O(S1/2) (∆ < 1),
(17)
where
ε˜q =
εq
4|J |S
v˜q =
vq
4|J |S , vq = ∇qεq. (18)
Since vq = ∇qεq represents the magnon velocity, the
thermal current Jth can be regarded as the energy flow
carried by the magnons. In contrast to the thermal cur-
rent Jth having the common magnon-representation in-
dependent of the magnetic anisotropy ∆, the spin current
in the Ising and Heisenberg cases (∆ ≥ 1) is expressed
in the form fundamentally different from the one in the
XY case (∆ < 1). The former has the leading order
contribution of the order of O(S1), while the latter does
not. In the XY case, the spin current due to the magnon
propagation is of the order of O(S1/2). As the spin-wave
expansion is the expansion with respect to 1/S, such a
higher order term is dropped in spirits of LSWT, so that
Jzs vanishes in the low-temperature ordered phase of the
XY -type spin systems. The difference between ∆ ≥ 1
and ∆ < 1 cases stems from the difference in the direc-
tion of the quantization axis of spin: for ∆ ≥ 1, the quan-
tization axis is in the z direction, whereas for ∆ < 1, it is
in the xy plane which is perpendicular to the spin polar-
ization of the spin current Jzs . Remember that although
the spin current has its foundation on the conservation
of the magnetization, only the z component of the mag-
netization is conserved in the present anisotropic XXZ
model in Eq. (1).
B. Static physical quantities
As the magnon Hamiltonian (15) is already diagonal-
ized, one can easily calculate the thermal average of the
current-related static quantities, 〈Jth,ν(0)Jth,µ(0)〉 and
〈Jzs,ν(0)Jzs,µ(0)〉.
First, we consider the thermal average of the equal-
time correlation function for the thermal current,
〈Jth,ν(0)Jth,µ(0)〉. With the use of the magnon repre-
sentation in Eq. (16), we have
〈
Jth,ν(0)Jth,µ(0)
〉
=
∑
q,q′
εqεq′vq,µvq′,ν
〈
bˆ†qbˆqbˆ
†
q′ bˆq′
〉
= δµ,ν
∑
q
[
εq vq,µ
]2
fB(εq)
[
1 + 2fB(εq)
]
, (19)
where we have used the formula
〈
bˆ†qbˆqbˆ
†
q′ bˆq′
〉
=
T 2
Z
∂2 Z
∂εq∂εq′
, (20)
Z = Tr
[
exp
(− 1
T
∑
q
εqbˆ
†
qbˆq
)]
=
∏
q
[ − fB(−εq)]
with the Bose-Einstein distribution function fB(x) =
(ex/T − 1)−1. Note that in Eq. (19), the off-diagonal
term of µ 6= ν vanishes after the summation over q be-
cause vq,µ ∝ sin(qµ) is an odd function of q.
Now, we shall move on to the classical spin system. In
the classical limit of
fB(x)→ T
x
, (21)
the equal-time correlation for the classical spins
6〈Jth,ν(0)Jth,µ(0)〉cl is obtained as
〈
Jth,ν(0)Jth,µ(0)
〉
cl
= δµ,ν2T
2
∑
q
[
vq,µ
]2
. (22)
At this point, the T 2 dependence of 〈Jth,ν(0)Jth,µ(0)〉cl
is clear at least in the Ising and XY cases. In the
Heisenberg case, however, the additional temperature de-
pendence due to the spin-correlation length ξs comes in
through the summation over q. As we mentioned in the
beginning of this section, ξs enters in the form of the
lower cutoff in the q space, i.e., ξ−1s ≤ |q|. For complete-
ness, we shall evaluate the summation over q in Eq. (22)
in all the three cases. Since the dominant contribution
comes from the low-energy excitation near |q| ≃ 0, we
have
εq ≃


√
∆2gp +
(4|J|S)2
2 |q|2 (∆ > 1)
2
√
2|J |S |q| (∆ = 1)
2|J |S√1 + ∆ |q| (∆ < 1)
.
Then, the q-summation can be replaced with the follow-
ing integral over εq,
∑
q
≃ L
2
(2pi)2
∫ 2pi
0
dφq
∫ εmax
εmin
dεqD(εq),
εmin =


∆gp (∆ > 1)
2
√
2|J |S
ξs/a
(∆ = 1)
0 (∆ < 1)
, (23)
where the density of states D(εq) and the higher en-
ergy cutoff εmax are given by D(εq) = 2εq/(4|J |S)2
and εmax ∼ 4|J |S∆ for ∆ ≥ 1, and D(εq) = [4/(1 +
∆)]εq/(4|J |S)2 and εmax ∼ 4|J |S for ∆ < 1. Note that
in the Heisenberg case of ∆ = 1, the low-energy cut-
off εmin possesses the temperature dependence via the
spin-correlation length ξs/a ∼ exp[bH |J |/T ]. As we will
see below, this additional temperature dependence com-
ing from ξs is negligibly small for the thermal transport,
but not for the spin transport. By using Eq. (23) and
performing the integral over εq, we can evaluate the q-
summation in Eq. (22) to yield
〈
Jth,ν(0)Jth,µ(0)
〉
cl
/L2 ≃ δµ,ν T
2
8pi
(4|J |S)2
×


1−
(∆2 − 1
∆
)2
+ 2
∆2 − 1
∆
ln
(∆2 − 1
∆
)
(∆ > 1)
1− 1
2
( a
ξs
)2
(∆ = 1)
2− 4∆
(1 + ∆)2
(∆ < 1)
(24)
As the correction (a/ξs)
2 in the ∆ = 1 case is negligibly
small, 〈Jth,ν(0)Jth,µ(0)〉 in the classical limit exhibits the
T 2 behavior at low temperatures, being independent of
the magnetic anisotropy ∆.
Next, we calculate the equal-time correlation func-
tion for the spin current in the classical limit,
〈Jzs,ν(0)Jzs,µ(0)〉cl. Since in the XY case of ∆ < 1, the
spin current is absent within the leading-order magnon
contribution [see Eq. (17)], we only consider the ∆ ≥ 1
case in which after some manipulations, we have
〈
Jzs,ν(0)J
z
s,µ(0)
〉
=
−1
4
∑
q,q′
vq,νvq′,µ
{(
δq,q′ + δq,q′+Q
)
×[fB(εq)fB(−εq+Q) + fB(−εq)fB(εq+Q)]
−Aq
Bq
Aq′
Bq′
(
δq,q′ + δq,−q′+Q
)
×[fB(εq)fB(ε−q+Q) + fB(−εq)fB(−ε−q+Q)]}.(25)
Note that Eq. (25) is obtained for the quantum spin
system. Now, we take the classical limit of Eq. (25).
As the relations, A±q+Q = Aq, B±q+Q = −Bq, and
v±q+Q = ±vq, are satisfied for ∆ ≥ 1, the classical limit
Eq. (21) yields
〈
Jzs,ν(0)J
z
s,µ(0)
〉
cl
= δµ,ν
∑
q
[
vq,µ
]2(
1 +
A2q
B2q
)T 2
ε2q
. (26)
By using Eq. (23), one can evaluate the summation over
q in Eq. (26). The final result is summarized as follows:
〈
Jzs,ν(0)J
z
s,µ(0)
〉
cl
/L2 ≃ δµ,ν T
2
4pi
×


(3∆2 − 1) ln
( ∆√
∆2 − 1
)
− 3
2
(∆ > 1)
ln(8)− 1
2
+ 2 ln
(ξs
a
)
+
1
4
a2
ξ2s
(∆ = 1)
0 (∆ < 1)
.(27)
Note that in the XY case of ∆ < 1,
〈
Jzs,ν(0)J
z
s,µ(0)
〉
cl
is
zero because the spin current is absent within the leading-
order magnon contribution [see Eq. (17)]. In the Ising
case of ∆ > 1, the equal-time correlation of the spin cur-
rent 〈Jzs,ν(0)Jzs,µ(0)〉cl has the same T 2 dependence as
〈Jth,ν(0)Jth,µ(0)〉cl. In the Heisenberg case of ∆ = 1,
on the other hand, 〈Jzs,ν(0)Jzs,µ(0)〉cl includes a non-
negligible correction term coming from the temperature-
dependent ξs, i.e., T
2 ln(ξs/a) ∼ bH |J |T , and thus, takes
the form of 〈Jzs,ν(0)Jzs,µ(0)〉cl/L2 ∼ δµν(const T 2 + T ).
The correction term (∝ T ) becomes the leading order
contribution at lower temperatures, which is in sharp
contrast to 〈Jth,ν(0)Jth,µ(0)〉cl with the irrelevant cor-
rection terms [see Eq. (24)]. As we will see below, such
a situation is also the case for the dynamical quantities.
C. Dynamical physical quantities
In the classical spin systems, the conductivities κµν
and σsµν are obtained from the time-correlation of the as-
sociated currents [see Eq. (11)]. Here, we consider the
7current dynamics brought by the magnon propagation in
the presence of the magnon-magnon scatterings. In order
to calculate the thermal average of the time correlation, it
is convenient to start from the quantum mechanical sys-
tem and take the classical limit of Eq. (21) afterwards.
In the quantum mechanical system, the dynamical cor-
relation function La,bµν (ω) in Eq. (9) can be expressed in
the following form [29]:
La,aµν (ω) = −
Qa,Rµν (ω)−Qa,Rµν (0)
iω
,
Qa,Rµν (ω) = Q
a
µν(ω + i0), (28)
Qaµν(iωl) = −
1
L2
∫ 1/T
0
〈
TτJa,µ(τ)Ja,ν (0)
〉
eiωn τdτ.
Here, Qaµν(iωl) is a response function and ωn = 2pinT
is the bosonic Matsubara frequency. Then, the thermal
conductivity κµν and the spin-current conductivity σ
s
µν
are given by
κµν =
1
T
i
dQth,Rµν (ω)
dω
∣∣∣
ω=0
,
σsµν = i
dQs,Rµν (ω)
dω
∣∣∣
ω=0
. (29)
We first calculate the thermal conductivity κµν . For
the thermal current carried by the magnons in Eq. (16),
the response function Qthµν(iωn) is given by [29]
Qthµν(iωn) =
−1
L2
∑
q
ε2qvq,µ vq,ν T
∑
ωm
Dq(iωm)Dq(iωm + iωn)
=
−1
L2
∑
q
ε2qvq,µ vq,ν
∫ ∞
−∞
dx
2pii
[DRq (x) −DAq (x)]
×[DRq (x+ iωn) +DAq (x − iωn)] fB(x), (30)
where DRq (x) (DAq (x) =
[DRq (x)]∗) is the retarded (ad-
vanced) magnon Green’s function obtained by analytic
continuation iωm → ω + i0 in the temperature Green’s
function Dq(iωm) defined by
Dq(τ) = −
〈
Tτ bˆq(τ)bˆ
†
q(0)
〉
= T
∑
ωm
Dq(iωm) e−iωmτ .
(31)
With the use of Eq. (29), the thermal conductivity in
the quantum system is formally expressed as
κµν =
T−1
4piL2
∫ ∞
−∞
dx
∑
q
ε2q vq,µ vq,νf
′
B(x)
[DRq (x)−DAq (x)]2.
(32)
Here, the magnon Green’s function DRq (x) is given by
DRq (x) =
1
x− εq + iα x =
[DAq (x)]∗, (33)
where the dimensionless coefficient α represents the
magnon damping which corresponds to the Gilbert
damping in the LLG equation [30, 31]. In general, the
damping α originates from the interactions associated
with spins in solids, so that it may be brought not only by
the magnon-magnon scatterings but also, for example, by
magnon-phonon scatterings. In the present work, how-
ever, the starting point is the spin Hamiltonian (1) and
no further assumption is made. Thus, α is of purely mag-
netic origin and brought by the magnon-magnon scatter-
ings. Since the temperature dependence of α has already
been calculated in the typical case of ∆ = 1 [27, 32], we
will skip the microscopic derivation of α in this paper.
In the classical spin system, the concrete expression of
Eq. (32) can straightforwardly be derived, as shown be-
low. Substituting Eq. (33) into Eq. (32) and taking the
classical limit of f ′B(x) = −T/x2, we obtain the following
expression for the thermal conductivity in the classical
spin systems κclµν as
κclµν =
1
2L2
1 + α2
α
∑
q
1
εq
vq,µ vq,ν , (34)
where the equation∫ ∞
−∞
dx[
(x − εq)2 + (αx)2
]2 = pi2 1 + α
2
ε3qα
3
(35)
has been used. The summation over q can be evaluated
in the same manner as that for the static physical quan-
tities. With the use of Eq. (23), we obtain
κclµν ≃ δµ,ν
1
12pi
1 + α2
α
4|J |S
×


(
∆−
√
∆2 − 1)3 (∆ > 1)(
1−
√
2
2
a
ξs
)2(
1 +
√
2
4
a
ξs
)
(∆ = 1)
3
2
− 2∆(
1 + ∆
)2 (∆ < 1)
.(36)
Only the longitudinal components of the thermal conduc-
tivity κclµµ are non-vanishing. When the magnon damp-
ing is sufficiently small such that α ≪ 1, it follows that
κclµν ∝ 1/α, which agrees with the results obtained in
other theoretical approaches [31, 33].
One can see from Eq. (36) that in the Heisenberg
case of ∆ = 1, although the spin-correlation length ξs
rapidly increases toward T = 0, such a temperature effect
is irrelevant at lower temperatures because ξs enters in
κclµµ in the form of 1/ξs. Thus, in all the three (∆ > 1,
∆ = 1, and ∆ < 1) cases, the temperature dependence
of κclµµ ∝ 1/α is governed by the magnon damping factor
α.
The damping of the antiferromagnetic magnon due to
multi-magnon scatterings has already been calculated by
using Feynman diagram techniques in Refs. [27, 32].
The temperature dependence of α in the classical Heisen-
berg antiferromagnet essentially follows the T 2 form, i.e.,
α ∝ T 2, which results from the leading-order scattering
process involving four magnons. In the XY -type and
8Ising-type classical spin systems, although the concrete
expression of α is not available, the same temperature
dependence α ∝ T 2 is expected because the same types
of the Feynman diagrams (the same leading-order scat-
tering processes) contribute to the magnon damping. Of
course, there must be quantitative differences among the
three cases. In particular, for the Ising-type anisotropy
of ∆ > 1, the magnon excitation is gapped, so that
the phase space satisfying the energy conservation in the
calculation of the relevant Feynman diagrams would be
shrunk with increasing ∆, resulting in a smaller value
of α. Apart from such a quantitative difference which
may become serious for strong Ising-type anisotropies,
the longitudinal thermal conductivity κclµµ in the classi-
cal limit should behave as κclµµ ∝ 1/α ∝ 1/T 2 in all the
three (∆ > 1, ∆ = 1, and ∆ < 1) cases.
Now, we will move on to the calculation of the spin-
current conductivity σsµν based on Eq. (29). As in the
case of the thermal current, starting from the magnon
representation of the spin current in Eq. (17), we can
write down the response function Qsµν(iωn) as
Qsµν(iωn) =
−1
4L2
∑
q,q′
vq,µ vq′,ν
{(
δq,q′ + δq,q′+Q
)
F+q (iωn)
+
Aq
Bq
Aq′
Bq′
(
δq,q′ + δq,−q′+Q
)
F−q (iωn)
}
,
F±q (iωn) = T
∑
ωm
Dq(iωm)
[DQ±q(iωn ± iωm)
+DQ±q(−iωn ± iωm)
]
=
∫ ∞
−∞
dx
2pii
fB(x)
{[DRQ±q(±x+ iωn) +DAQ±q(±x− iωn)]
×[DRq (x)−DAq (x)] ± [DRQ±q(±x)−DAQ±q(±x)]
×[DRq (x+ iωn) +DAq (x − iωn)]}. (37)
Then, the spin-current conductivity σsµν is formally writ-
ten as
σsµν =
1
8piL2
∫ ∞
−∞
dx
∑
q,q′
vq,µ vq′,ν f
′
B(x)
[DRq (x)−DAq (x)]
×
{(
δq,q′ + δq,q′+Q
)[DRq+Q(x) −DAq+Q(x)] (38)
−Aq
Bq
Aq′
Bq′
(
δq,q′ + δq,−q′+Q
)[DR−q+Q(x)−DA−q+Q(x)]}.
In the same manner as that for κµν , we take the classical
limit of Eq. (38). By substituting Eq. (33) into Eq. (38),
taking the classical limit of f ′B(x) = −T/x2, and using
Eq. (35) and the formula∫ ∞
−∞
dx[
(x− εq)2 + (αx)2
][
(x+ εq)2 + (αx)2
] = pi
2
1
ε3qα
,
we have the spin-current conductivity in the classical spin
systems σs,clµν as follows:
σs,clµν =
1
2L2
T
∑
q
vq,µ vq,ν
1
ε3q
[1 + α2
α
+ α
A2q
B2q
]
. (39)
FIG. 2: The time correlation function of the thermal cur-
rent 〈jth,x(0) jth,x(t)〉 at T/|J | = 0.74 (top), T/|J | = 0.66
(middle), and T/|J | = 0.3 (bottom) in the (a) Ising-type
(∆ = 1.05), (b) XY -type (∆ = 0.95), and (c) Heisenberg-
type (∆ = 1) spin systems. Time t and 〈jth,x(0) jth,x(t)〉 are
measured in units of |J |−1 and |J |4, respectively.
By further using the approximation Eq. (23), we finally
obtain
σs,clµν ≃ δµ,ν
1
8pi
T
4|J |S (40)
×


∆−√∆2 − 1√
∆2 − 1
[
− 2 + α
2
3α
1
∆
+
4 + 5α2
3α
(
∆−
√
∆2 − 1)] (∆ > 1)
1 + 2α2
α
√
2
ξs
a
− 2 + 3α
2
α
+
1 + α2
α
√
2
2
a
ξs
(∆ = 1)
0 (∆ < 1)
.
In contrast to the thermal conductivity κclµν , the spin-
current conductivity σs,clµν reflects the difference in the
ordering properties. First of all, in the XY case of
∆ < 1, σs,clµν is zero because the spin current is ab-
sent within the leading-order magnon contribution [see
Eq. (17)]. In the Ising case of ∆ > 1, as one can see
from Eq. (40), the temperature dependence of σs,clµµ is
determined by that of T/α. Since for relatively weak
anisotropies, α ∝ T 2 is expected to be satisfied, the lon-
gitudinal spin-current conductivity should exhibit the fol-
lowing temperature dependence: σs,clµµ ∝ T/α ∝ T−1. In
the Heisenberg case of ∆ = 1, one can see from Eq. (40)
that the spin-correlation length ξs enters in the form of
ξs/α, so that the longitudinal spin-current conductivity
should diverge toward T = 0 in the exponential form of
σs,clµµ ∝ ξs T/α ∼ exp[bH |J |/T ].
In the following sections, we will show numerical re-
sults on κµν and σ
s
µν , the low-temperature properties of
9FIG. 3: The temperature dependence of the thermal conductivity κµν in the (a) Ising-type (∆ = 1.05), (b) XY -type (∆ = 0.95),
and (c) Heisenberg-type (∆ = 1) spin systems, where upper and lower panels show the longitudinal and transverse conductivities,
respectively. κµν is measured in units of |J |. In (a) and (b), red arrows indicate the magnetic and KT transition temperatures,
TN/|J | ≃ 0.75 and TKT /|J | ≃ 0.6, respectively. Insets show T
2 κµν in the same temperature range as that of the main panels.
which are qualitatively consistent with the above analyt-
ical results. It should be noted that the transport prop-
erties near the phase transition, which is our main focus
of the present work, is out of the applicability range of
LSWT.
IV. NUMERICAL RESULTS ON THE
THERMAL CONDUCTIVITY
In this section, we will discuss the association between
the phase transition and the thermal transport based on
numerical results obtained in the Ising-type (∆ > 1),
XY -type (∆ < 1), and Heisenberg-type (∆ = 1) spin
systems. In this paper, the parameter values of ∆ = 1.05
and ∆ = 0.95 are basically used in the Ising and XY
cases, respectively, as typical values slightly deviating
from ∆ = 1 of the isotropic Heisenberg case. From the
MC simulations (see Appendix), the transition temper-
ature in each case is estimated to be TN/|J | ≃ 0.75 for
∆ = 1.05 and TKT/|J | ≃ 0.6 for ∆ = 0.95 [34–36].
In Eq. (11), the temperature dependence of κµν is
determined by the integrated value of the time corre-
lation of the thermal current 〈Jth,ν(0)Jth,µ(t)〉 except
the trivial T−2 factor, so that we will start from the
temperature dependence of 〈Jth,ν(0)Jth,µ(t)〉. Figure 2
shows the time correlation function normalized by the
system size 〈jth,x(0) jth,x(t)〉 ≡ 〈Jth,x(0)Jth,x(t)〉/L2 at
different temperatures in the Ising-type (∆ = 1.05), XY -
type (∆ = 0.95), and Heisenberg-type (∆ = 1) spin sys-
tems. System-size dependence can hardly be seen, sug-
gesting that the thermal transport is a spatially local phe-
nomenon. As for the effect of the magnetic anisotropy,
there is no qualitative difference among the three cases.
With decreasing temperature, the time correlation de-
cays more slowly in time. In other words, the relax-
ation time of the thermal current, which we denote as
τth, becomes longer. Thus, the associated thermal con-
ductivity κµν is expected to follow a common monotonic
temperature-dependence.
Figure 3 shows the longitudinal and transverse thermal
conductivities as a function of temperature T in the Ising-
type (∆ = 1.05), XY -type (∆ = 0.95), and Heisenberg-
type (∆ = 1) spin systems. Because the yy (xy) compo-
nent of κµν is equivalent to the xx (yx) component in the
present square-lattice NN model, only the the xx and yx
components, κxx and κyx, are shown. One can see from
Fig. 3 that in all the three cases, the transverse Hall
response κyx is absent at 2σ precision (see lower panels)
and the longitudinal thermal conductivity κxx gradually
increases toward T = 0 (see the upper main panels).
Although the phase transition occurs in the anisotropic
spin systems, no clear anomaly can be seen in the ther-
mal conductivity at the magnetic transition temperature
TN or the KT topological transition temperature TKT .
Thus, in view of the main focus of this work, our conclu-
sion is that the strong association between the thermal
conductivity and the phase transition cannot be observed
in the present NN XXZ model in two dimensions. Below
in this section, to shed light on the basic properties of
the thermal transport in the classical spin systems, we
will devote ourselves to the low-temperature behavior of
the longitudinal thermal conductivity κxx.
For the XY -type anisotropy ∆ < 1, the temperature
dependence of κxx in Fig. 3 (b) is not altered qualita-
tively by the change in ∆. For the Ising-type anisotropy
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FIG. 4: The log-log plot of the longitudinal thermal conduc-
tivity κxx as a function of T/TN in the cases of the Ising
anisotropies of ∆ = 1.05 (top), ∆ = 1.2 (middle), and ∆ = 5
(bottom).
∆ > 1, on the other hand, the magnon excitation has
the gap ∆gp = 4|J |S
√
∆2 − 1, so that the thermal cur-
rent, which is the energy flow carried by the manons,
and the associated conductivity κxx are expected to be
suppressed with increasing ∆. Figure 4 shows the longi-
tudinal thermal conductivity κxx as a function of T/TN
for various values of ∆ > 1. Not only the absolute value
of κxx but also the divergent behavior toward T = 0
is suppressed by the increase of ∆. At least for not so
strong Ising-type anisotropy, however, κxx tends to di-
verge toward T = 0, roughly showing a power-law be-
havior. Hereafter, we will discuss the origin of such a
power-law-type temperature dependence, focusing on the
almost isotropic spin systems.
As one can see from Eq. (11), κxx involves the triv-
ial T−2 dependence. In order to extract the nontriv-
ial temperature dependence other than the T−2 factor,
T 2κxx =
∫
dt 〈jth,x(0) jth,x(t)〉 is plotted in the insets of
the upper panels of Fig. 3 as a function of tempera-
ture. In the anisotropic cases of ∆ 6= 1, T 2κxx tends
to saturate to a constant value at the lowest temper-
ature, whereas in the isotropic case of ∆ = 1, it re-
mains increasing toward T = 0. Except this difference
at the lowest temperature, T 2κxx shows a weak mono-
tonic increase below T/|J | ≤ 0.8 in both the anisotropic
and isotropic cases. Thus, the divergent behavior toward
T = 0 in κxx is mainly due to the T
−2 factor, but in
the low-temperature range of our simulations, κxx in-
creases slightly faster than T−2 due to the non-trivial
contribution originating from the thermal fluctuation,
T 2κxx =
∫
dt 〈jth,x(0) jth,x(t)〉. The analytical result in
Eq. (36), on the other hand, shows that the thermal
conductivity due to the magnon propagation should be-
have as κxx ∝ 1/α ∝ T−2. As mentioned above, at
least in the temperature range of our simulations, the
numerically obtained κxx increases faster than T
−2. In
order to examine the origin of the deviation between the
FIG. 5: The log-log plots of the temperature dependences
of 〈|jth,x(0)|
2〉 (left panels) and the relaxation time of the
thermal current τth (right panels) in the (a) Ising-type (∆ =
1.05), (b)XY -type (∆ = 0.95), and (c) Heisenberg-type (∆ =
1) spin systems. τth and 〈|jth,x(0)|
2〉 are measured in units
of |J |−1 and |J |4, respectively. In the left panels, 〈|jth,x(0)|
2〉
is multiplied by 100 such that the scale of the vertical axis
be the same as that in the right panels. In the left panels,
a dashed curve represents a power function of T obtained by
fitting the low-temperature data in each case, and in the right
panels, the analytically expected T−2 dependence is presented
for reference.
numerical and analytical results on the temperature de-
pendence of κxx, we will look into the details of the tem-
perature dependences of the physical quantities related
to 〈jth,x(0) jth,x(t)〉.
In Fig. 2, the time correlation 〈jth,x(0) jth,x(t)〉 decays
exponentially in the form of e−t/τth with the relaxation
time of the thermal current τth, so that we could as-
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sume 〈jth,x(0) jth,x(t)〉 ≃ 〈|jth,x(0)|2〉e−t/τth . Then, by
carrying out the integral over time in Eq. (11), one
can estimate the longitudinal thermal conductivity as
κxx ≃ T−2 〈|jth,x(0)|2〉 τth. As the data on the static
quantity 〈|jth,x(0)|2〉 can be compared directly with the
analytical result given in Eq. (24), one can relate τth
to the magnon damping α via Eq. (36). If the equal-
time correlation 〈|jth,x(0)|2〉 follows the T 2 dependence
expected in LSWT, the relaxation time of the thermal
current τth corresponds to the inverse magnon-damping
1/α which is roughly proportional to T−2 in the lowest-
order approximation [27, 32].
Figure 5 shows the temperature dependences of
〈|jth,x(0)|2〉 and τth in the three cases of ∆ = 1.05,
∆ = 0.95, and ∆ = 1, where τth is extracted by fitting
the 〈jth,x(0) jth,x(t)〉 curve with the exponential form of
e−t/τth . Since 〈|jth,x(0)|2〉 exhibits a power-law behav-
ior, we fit the low-temperature data with the functional
form of T x and find x = 1.8 ∼ 1.9. The resultant fit-
ting function T x in each case is represented by a dashed
curve together with the obtained value of x in Fig. 5.
The exponent x ≃ 2 for 〈|jth,x(0)|2〉 is in good agree-
ment with the analytical result given in Eq. (24), so that
the origin of the discrepancy in the temperature depen-
dence of κxx between the numerical and analytical results
consists in the relaxation time τth which should satisfy
the relation τth ∝ 1/α ∝ T−2. As one can see from
the right panels in Fig. 5, however, τth diverges toward
T = 0 slightly faster than T−2. A rough estimation,
which is done by fitting all the low-temperature data
for T/|J | ≤ 0.6 with the functional form of T x, yields
τth ∝ T−2.5 in all the three cases. The deviation from
the expected behavior 1/α ∝ T−2 may be attributed
to the temperature range considered. The temperature
range available for fitting might be higher than that as-
sumed in the analytical calculation where higher-order
multi-magnon-scattering processes are neglected. With
further decreasing temperature below the lowest temper-
ature of our simulation, τth and resultant κxx should tend
to obey the expected power-law form T−2. Actually, in
the Ising and XY cases, a precursor of such a tendency
has already been observed as the saturated behavior in
T 2κxx (see the insets of Fig. 3).
V. NUMERICAL RESULTS ON THE
SPIN-CURRENT CONDUCTIVITY
In Sec. III, based on the analytical calculations in
LSWT, we find that the effect of the magnetic anisotropy
∆, i.e., the difference in the ordering properties, is re-
flected in the low-temperature spin-transport. In this
section, we will discuss the association between the phase
transition and the spin-current conductivity σsµν , based
on numerical results.
We shall start from the time correlation function of
the spin current 〈Jzs,ν(0)Jzs,µ(t)〉 which yields the non-
trivial temperature dependence of σsµν [see Eq. (11)].
FIG. 6: The time correlation function of the spin current
〈jzs,x(0) j
z
s,x(t)〉 at T/|J | = 0.74 (top), T/|J | = 0.66 (middle),
and T/|J | = 0.3 (bottom) in the (a) Ising-type (∆ = 1.05),
(b) XY -type (∆ = 0.95), and (c) Heisenberg-type (∆ = 1)
spin systems. Time t and 〈jzs,x(0) j
z
s,x(t)〉 are measured in
units of |J |−1 and |J |2, respectively. In (a), the inset shows
the zoomed view of the short-time region near t = 0 enclosed
by a box in each main panel.
Figure 6 shows the time correlation function normalized
by the system size 〈jzs,x(0) jzs,x(t)〉 = 〈Jzs,x(0)Jzs,x(t)〉/L2
at various temperatures in the typical three cases, Ising-
type (∆ = 1.05), XY -type (∆ = 0.95), and Heisenberg-
type (∆ = 1) spin systems. These ∆ values are the
same as those in Figs. 2 and 3. At the high temper-
ature T/|J | = 0.74, one cannot see a clear difference
among the three cases. With decreasing temperature,
〈jzs,x(0) jzs,x(t)〉 exhibits characteristic behaviors depend-
ing on the ordering properties. In the Ising case of
∆ = 1.05, 〈jzs,x(0) jzs,x(t)〉 shows an oscillating behavior in
the very-short time scale [see the insets of Fig. 6(a)], but
its long-time relaxation whose characteristic time scale
is denoted by τs becomes slower at lower temperatures
without showing the system size dependence. In the XY
case of ∆ = 0.95, the time correlation persists for a long
time at T/|J | = 0.66 slightly above TKT , showing a large
system size dependence, whereas the time correlation is
lost within a short time scale at T/|J | = 0.3 much lower
than TKT . In the Heisenberg case of ∆ = 1, τs becomes
longer with decreasing temperature like in the Ising case,
but the system size dependence is quite large. The above
difference is reflected in the spin-current conductivity σsµν
through the integration of 〈jzs,ν(0) jzs,µ(t)〉 over the whole
time range.
Figure 7 shows the temperature dependences of the
longitudinal (upper panels) and transverse (lower panels)
spin-current conductivities, σsxx and σ
s
yx, for ∆ = 1.05
(a), ∆ = 1.05 (b), and ∆ = 1 (c). As one can see
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FIG. 7: The temperature dependence of the spin-current conductivity σsµν in the (a) Ising-type (∆ = 1.05), (b) XY -type
(∆ = 0.95), and (c) Heisenberg-type (∆ = 1) spin systems, where upper and lower panels show the longitudinal and transverse
conductivities, respectively. In (a) and (b), red arrows indicate the magnetic and KT transition temperatures, TN/|J | ≃ 0.75
and TKT /|J | ≃ 0.6, respectively. In (c), a dashed curve in the upper panel represents the σ
s
xx(T ) curve extrapolated to the
thermodynamic limit of L→∞ (see the main text).
from Fig. 7, in all the three cases, the transverse Hall
response σsyx (= σ
s
xy) is absent also for the spin trans-
port as well as the thermal transport. The longitudi-
nal spin-current conductivity σsxx (= σ
s
yy), on the other
hand, exhibits temperature dependences characteristic of
the three different universality classes. Here, we briefly
summarize the temperature dependence of σsxx, and a de-
tailed analysis in each case will be given in the following
subsections. In the Ising case of ∆ = 1.05, σsxx gradually
increases with decreasing temperature without showing
a clear anomaly at the magnetic transition temperature
TN . Also, the system size dependence cannot be seen,
as is already suggested from the size-independent time-
correlation-functions in Fig. 6 (a). In the XY case of
∆ = 0.95, σsxx exhibits a divergent sharp peak toward
the KT transition temperature TKT , and becomes van-
ishingly small at lower temperatures below TKT . In the
Heisenberg case of ∆ = 1, σsxx increases exponentially
with decreasing temperature, showing a large system-
size-dependence at lower temperatures. Below in this
section, we will give a detailed description of the associ-
ation between the longitudinal spin-current conductivity
σsxx and the ordering properties of the system.
A. Ising-type spin system
In Fig. 7, for the Ising-type anisotropy of ∆ = 1.05,
a clear signature of the magnetic transition at TN can-
not be seen in σsxx. We will first check that this result
is not altered qualitatively by the value of ∆, and sub-
sequently discuss the temperature dependence of σsxx in
the long-range-ordered phase below TN , making a com-
parison between the numerical result and the analytical
one in Sec. III.
The gap-opening in the magnon excitation due to ∆ is
expected to suppress σsxx, as is actually the case for the
thermal conductivity κxx. Figure 8 shows σ
s
xx as a func-
tion of T/TN for various values of ∆ > 1. No clear sig-
nature of the magnetic transition can commonly be seen
near TN , and as is expected, σ
s
xx is suppressed by the
increase of ∆. For relatively weak magnetic anisotropies,
σsxx increases toward T = 0 and its temperature depen-
dence is almost compatible with the analytical expecta-
tion, σsxx ∝ T/α ∝ T−1, given in Eq. (40). To look into
the details of the temperature effect on σsxx, we will ex-
amine the temperature dependence of the current-related
quantities for ∆ = 1.05.
In Fig. 6 (a), except for the short-time oscillating be-
havior, the time correlation 〈jzs,x(0) jzs,x(t)〉 decays expo-
nentially in the form of e−t/τs , so that we could roughly
write 〈jzs,x(0) jzs,x(t)〉 ∼ 〈|jzs,x(0)|2〉 e−t/τs . Then, from
Eq. (11), the longitudinal spin-current conductivity σsxx
can be evaluated as σsxx ∼ T−1 〈|jzs,x(0)|2〉 τs. If the static
quantity 〈|jzs,x(0)|2〉 follows the T 2 behavior expected in
LSWT [see Eq. (27)] as is actually the case for the ther-
mal transport, it follows that σsxx ∼ Tτs. By comparing
this expression to Eq. (40), one notice that τs is associ-
ated with the magnon damping α via τs ∼ 1/α.
Figure 9 shows the temperature dependences of
〈|jzs,x(0)|2〉 and τs, where τs is extracted by fitting the
tail of 〈jzs,x(0) jzs,x(t)〉 with e−t/τs . As one can see from
the left panel of Fig. 9, 〈|jzs,x(0)|2〉 shows a power-law
behavior of the form T x in the ordered phase, and the
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FIG. 8: The log-log plot of the longitudinal spin-current
conductivity σsxx as a function of T/TN in the cases of the
Ising anisotropies of ∆ = 1.05 (top), ∆ = 1.2 (middle), and
∆ = 5 (bottom). The T−1 dependence expected for an almost
isotropic case is presented for reference (see the main text).
exponent x is obtained by fitting the low-temperature
data as x = 2. The resultant fitting function is repre-
sented by a dashed curve in the left panel of Fig. 9. The
obtained T 2 behavior for 〈|jzs,x(0)|2〉 is in good agree-
ment with the analytical result in Eq. (27), so that
τs ∼ 1/α ∝ T−2 should be satisfied. The numerically
obtained τs shown in the right panel of Fig. 9 tends to
obey the expected power-law form T−2, but in the wide
low-temperature range of our simulation, it increases to-
ward T = 0 slightly faster than T−2. When we fit all the
low-temperature data below T/|J | = 0.6 with the func-
tional form T x, the same temperature dependence as that
of the thermal-current-relaxation time τth is obtained for
the spin-current-relaxation time, namely, τs ∝ T−2.5, in-
dicating that in the Ising-type spin systems, the long-
time relaxations of the spin and thermal transports are
of the same origin, namely, the magnon damping due to
the multi-magnon scatterings.
In the short-time scale, on the other hand, one can see
the oscillating behavior in 〈jzs,x(0) jzs,x(t)〉 [see the insets
in Fig. 6 (a)], which is not observed in the thermal-
current relaxation. Although the origin of the oscillation
is not clear, this suggests that the spin-current relaxation
may involve not only the ordinary magnon damping but
also other effects of the magnetic excitations. As we will
see below, in the XY -type spin systems, the vortex ex-
citations come into play in the spin-current relaxation,
leading to the divergence of σsxx at the KT transition
temperature.
B. XY -type spin system
In the XY antiferromagnet with the weak anisotropy
∆ = 0.95, as shown in Fig. 7 (b), the longitudinal spin-
current conductivity σsxx (=σ
s
yy) is significantly enhanced
near TKT , but once entering in the low-temperature
FIG. 9: The temperature dependences of the equal-time spin-
current correlation 〈|jzs,x(0)|
2〉 (left panel) and the relaxation
time of the spin current τs (right panel) in the case of the
Ising anisotropy of ∆ = 1.05, where a red arrow indicates
the magnetic transition temperature TN . In the left panel,
a dashed curve represents a power function of T obtained by
fitting the low-temperature data, and in the right panel, the
analytically expected T−2 dependence is presented for refer-
ence. τs and 〈|j
z
s,x(0)|
2〉 are measured in units of |J |−1 and
|J |2, respectively. In the left panel, 〈|jzs,x(0)|
2〉 is multiplied
by 100 such that the scale of the vertical axis be the same as
that in the right panel.
phase below TKT , σ
s
xx becomes vanishingly small. These
features are universal in the XY -type spin systems, be-
ing independent of the values of ∆. Furthermore, even
if the antiferromagnetic exchange interaction J < 0 is
replaced with a ferromagnetic one J > 0, the univer-
sality class remains unchanged and the above features
in σsxx can be observed. Figure 10 shows the tempera-
ture dependence of σsxx in the antiferromagnet (J < 0)
with ∆ = 0.2 (a) and in the ferromagnet (J > 0) with
∆ = 0 (b). In both cases, a divergent sharp peak can
clearly be seen near TKT . With increasing the system
size L, the peak height increases and the peak tempera-
ture approaches TKT from above, suggesting that in the
thermodynamic limit of L → ∞, σsxx diverges at TKT .
On crossing TKT from above, σ
s
xx drops to a vanishingly
small value. Hereafter, we will discuss the origin of this
temperature dependence.
As discussed in Sec. III, in the ordered phase of the
XY -type spin system, the leading-order magnon-spin-
current is absent [see Eq. (17)] because of the orthog-
onal relation between the quantization axis lying in the
xy-plane of the spin space and the polarization direc-
tion of the spin current which is in the z direction in the
present XXZ model. The associated spin-current con-
ductivity σsxx, therefore, should be vanishingly small, al-
though higher-order magnon contributions may have a
little effect on the spin transport. The low-temperature
feature observed below TKT in Figs. 7 (b) and 10 is un-
derstood as a manifestation of this nature inherent to
the XY -type anisotropy. Thus, the non-trivial issue is
the significant enhancement of σsxx near TKT observed in
the numerical simulations.
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FIG. 10: The temperature dependence of the longitudi-
nal spin-current conductivity σsxx in the XY -type antiferro-
mangnet (J < 0) with ∆ = 0.2 (a), and ferromagnet (J > 0)
with ∆ = 0 (b). A red arrow indicates the KT transition tem-
perature in the thermodynamic limit, TKT /|J | ≃ 0.7 [34–36].
Since the system-size-dependent divergent peak near
TKT is commonly observed for the XY -type anisotropy,
we focus on the case of ∆ = 0.95 as a representative ex-
ample and discuss the thermodynamic limit (L→∞) of
σsxx. Figure 11 (a) shows the system-size dependence of
σsxx at various temperatures. One can see that at tem-
peratures away from TKT /|J | ≃ 0.6, σsxx as a function
of the system size L saturates to a constant value, which
corresponds to σsxx in the thermodynamic limit. The ex-
trapolated L → ∞ value of σsxx and the corresponding
original finite-size data in Fig. 7 (b) are plotted in Fig.
11 (b) on the semi-logarithmic scale. The divergent be-
havior toward TKT /|J | ≃ 0.6 and the sudden drop across
TKT can clearly be seen. Noting that the spin correlation
length ξs in the KT transition is known to diverge in the
form of ξs/a ∼ exp
[
bKT /
√
T/TKT − 1
]
with bKT ≃ pi/2
[37], we fit the L→∞ data of σsxx at T >∼ TKT with the
functional form of A exp
[
B/
√
T/TKT − 1
]
. The fitting
parameters A and B are obtained as B = 2.26±0.10 and
A = 0.008 ± 0.002. The σsxx(T ) curve extrapolated in
this way is represented by a dashed curve in Fig. 11 (b).
One can see that the obtained exponential form well char-
acterizes the numerically-obtained divergent behavior of
σsxx, which, together with the obtained B-value compara-
ble to bKT , suggests that this pronounced spin-transport
phenomenon is closely related to the KT transition, or
FIG. 11: The longitudinal spin-current conductivity σsxx in
the XY case of ∆ = 0.95. (a) The system-size dependence of
σsxx at various temperatures and (b) the semi-logarithmic plot
of the temperature dependence of σsxx. In (a), an arrow repre-
sents the extrapolated L→∞ value at each temperature. In
(b), a red arrow indicates TKT and a dashed curve represents
the σsxx(T ) curve extrapolated to the thermodynamic limit
(see the main text).
equivalently, the vortex binding-unbinding process.
In the KT transition, the spin correlation length ξs
corresponds to the inter-free-vortex distance. With de-
creasing temperature above TKT , the inter-free-vortex
distance increases, so that it becomes difficult for a sin-
gle vortex to find out a partner free anti-vortex to form
a vortex pair. This means that in terms of the time evo-
lution, the single free vortex wanders for a longer time
until it collides with the partner free anti-vortex. Thus,
the lifetime of the single free vortex should get longer
on approaching TKT from above. Once across TKT , all
the vortices are paired up and a single vortex cannot be
found any more. Bearing this fundamental physics of the
KT transition in our mind, we examine the temperature
dependences of τs and 〈|jzs,x(0)|2〉.
Figure 12 shows the temperature dependences of
〈|jzs,x(0)|2〉 (a) and τs (b). The spin-current relaxation
time τs is determined by fitting the long-time tail of
〈jzs,x(0)jzs,x(t)〉 in Fig. 8 (b) with the exponential form
of e−t/τs . One can see from Fig. 12 that on approach-
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FIG. 12: The temperature dependences of the equal-time
spin-current correlation 〈|jzs,x(0)|
2〉 (a), and the spin-current
relaxation time τs (b), in the case of the XY -type anisotropy
of ∆ = 0.95, where these quantities are measured in the same
units as those in Fig. 9. A red arrow indicates TKT and a
dashed curve in (b) represents an exponential function ob-
tained by fitting the data above TKT .
ing TKT from above, τs is significantly enhanced, while
〈|jzs,x(0)|2〉 only shows a slight increase. In the low-
temperature phase below TKT , 〈|jzs,x(0)|2〉 is strongly
suppressed as is expected from the analytical result that
the leading-order magnon-spin-current is absent, and cor-
respondingly, the relaxation becomes so rapid that τs
cannot be defined any more. The functional type char-
acterizing the steep increase in τs is also the exponential
one. By fitting the data at T >∼ TKT with the form of
A˜ exp
[
B˜/
√
T/TKT − 1
]
, we obtain A˜ = 0.013 ± 0.003
and B˜ = 2.58 ± 0.07. The extrapolated τs(T ) curve is
represented by a dashed curve in Fig. 12. One can see
that the obtained exponential form well characterizes the
numerically-obtained divergent behavior of τs. As σ
s
xx is
related to τs and 〈|jzs,x(0)|2〉 via σsxx ∼ T−1 〈|jzs,x(0)|2〉 τs,
the divergent behavior in σsxx originates from the diver-
gence of the spin-current-relaxation time τs toward TKT .
Actually, the obtained values of B ≃ 2.26 and B˜ ≃ 2.58
almost coincide with each other.
Now, we will address the physical interpretation of the
above result. In the KT topological transition, the dis-
tinct feature above TKT is the existence of an isolated
free vortex and its dynamics. Since the vortex inter-
acts with surrounding magnons or spin waves, the vor-
tex motion is not ballistic, but rather diffusive [58–62].
FIG. 13: The longitudinal spin-current conductivity σsxx in
the Heisenberg case of ∆ = 1. (a) The system-size dependence
of σsxx at various temperatures and (b) the semi-log plot of
σsxx as a function of 1/T . In (a), an arrow represents the
extrapolated L → ∞ value at each temperature. In (b), a
dashed curve represents the σsxx(T ) curve extrapolated to the
thermodynamic limit (see the main text).
Thus, the vortex lifetime τvtx could be estimated roughly
as τvtx ∝ ξ2s ∼ exp
[
2bKT /
√
T/TKT − 1
]
, so that τvtx
should get longer in the exponential form toward TKT
with 2bXT ≃ pi. Since the two time-scales, τs and τvtx,
develop toward TKT in the almost same manner as a
function of temperature, it is naturally expected that
the vortex excitations play an important role in the spin-
current relaxation. Because σsxx is proportional to τs, we
could conclude that the divergent peak at TKT in the σ
s
xx
curve is attributed to the topological excitations of the
long-life-time vortices.
C. Heisenberg-type spin system
In the Heisenberg case of ∆ = 1, the spin space is
isotropic, so that in contrast to the anisotropic cases of
∆ 6= 1, not only the z component of the magnetization
but also the x and y components are conserved quantities.
This enables one to define the spin-currents Jxs and J
y
s
as well as Jzs, where J
α
s = J
∑
〈i,j〉
(
ri − rj
)(
Si × Sj
)α
can be derived in the same manner as Eq. (5). Since all
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FIG. 14: The temperature dependences of the equal-time
spin-current correlation 〈|jzs,x(0)|
2〉 (a), and the relaxation
time of the spin current τs (b), in the Heisenberg case of
∆ = 1, where these quantities are measured in the same units
as those in Fig. 9. A dashed curve in (b) represents an expo-
nential function obtained by fitting the size-independent data
at 0.54 ≤ T/|J | ≤ 0.74.
the spin currents, Jxs , J
y
s , and J
z
s , should be equivalent
to one another, the associated spin-current conductivities
should also be equivalent. Thus, in the Heisenberg case,
we calculate the spin-current conductivity averaged over
the three spin components
σsµν =
1
T L2
∫ ∞
0
dt
1
3
(〈
Jxs,ν(0)J
x
s,µ(t)
〉
+
〈
Jys,ν(0)J
y
s,µ(t)
〉
+
〈
Jzs,ν(0)J
z
s,µ(t)
〉)
, (41)
instead of Eq. (11). The spin-current conductivity so
obtained is shown in Fig. 7 (c) as a function of temper-
ature. In the Heisenberg case, neither a magnetic tran-
sition nor a topological one does not occur, so that the
characteristic temperature scale is absent except the ex-
change interaction |J |. In Fig. 7 (c), with decreasing
temperature, the longitudinal spin-current conductivity
σsxx increases monotonically and a steep increase sets in
around T/|J | ∼ 0.8. As the system size dependence of
σsxx becomes considerably larger at lower temperatures,
we will extrapolate the low-temperature σsxx(T ) curve in
the thermodynamic limit.
Figure 13 (a) shows the system-size dependence of σsxx
at various temperatures. At lower temperatures, a larger
system size is necessary to obtain the thermodynamic-
limit value of σsxx, suggesting that in contrast to the
thermal transport which is a spatially local phenomenon,
the spin transport captures the long-length-scale mag-
netic properties. The extrapolated thermodynamic-limit
values of σsxx and the corresponding original finite-size
data in Fig. 7 (c) are plotted in Fig. 13 (b) on the
semi-logarithmic scale as a function of the inverse tem-
perature 1/T . As the L → ∞ data at T/|J | <∼ 0.8
are on a straight line, we fit them by the exponen-
tial function of AH exp
[
BH |J |/T
]
with AH and BH
being fitting parameters. Note that in the Heisenberg
model in two dimensions, ξs increases in the exponen-
tial form of ξs/a ∼ exp
[
bH |J |/T
]
with bH ≃ 2pi [28].
The resultant fitting function with the obtained values
of AH = 0.0017 ± 0.0003 and BH = 5.1 ± 0.1 is rep-
resented by a dashed curve in Figs. 13 (b) and 7 (c).
Since the obtained value of BH ≃ 5.1 is comparable to
bH ≃ 2pi, it turns out that σsxx ∝ ξs, which is in good
agreement with the analytical result in Eq. (40). To get
insight into the origin of the rapid increase of σsxx, we
examine the temperature dependences of 〈|jzs,x(0)|2〉 and
τs like in the anisotropic cases of ∆ 6= 1.
The temperature dependences of 〈|jzs,x(0)|2〉 and τs
are shown in Figs. 14, where τs is extracted from
〈jzs,x(0) jzs,x(t)〉 in the same way as before. 〈|jzs,x(0)|2〉
is size dependent even at the lowest temperature, but its
temperature dependence is relatively weak. In LSWT,
as shown in Eq. (27), ξs becomes relevant at lower tem-
peratures, so that L≫ ξs should be satisfied to evaluate
the thermodynamic limit of 〈|jzs,x(0)|2〉. As is suggested
from the size dependent data, however, the maximum
size of L = 384 seems to be still small and the expected
temperature dependence of const T 2+T cannot be seen.
Compared with 〈|jzs,x(0)|2〉, the temperature dependence
of τs is much more remarkable. As one can see from Fig.
14 (b), τs gets longer rapidly toward T = 0, showing the
considerably large system-size dependence. We fit the al-
most size-independent data at 0.54 ≤ T/|J | ≤ 0.74 with
the exponential form of A˜H exp
[
B˜H |J |/T
]
. The resul-
tant curve with the obtained values of the fitting param-
eters A˜H = 0.0006 ± 0.0002 and B˜H = 5.8 ± 0.2 is rep-
resented by a dashed curve in Fig. 14 (b). The obtained
value of B˜H ≃ 5.8 is close to bH ≃ 2pi and BH ≃ 5.1. As
σsxx is estimated roughly as σ
s
xx ≃ T−1 〈|jzs,x(0)|2〉 τs, the
origin of the steep increase of σsxx toward T = 0 is the
enhanced relaxation-time τs which seems to have a direct
association with the rapid growth of the spin correlation
length ξs/a ∼ exp
[
bH |J |/T
]
.
VI. SUMMARY AND DISCUSSION
We have theoretically investigated transport proper-
ties of the classical antiferromagnetic XXZ model on the
square lattice in which the anisotropy of the exchange
interaction ∆ ≡ Jz/Jx plays a role to control the uni-
versality class of the system. In Ising-type (∆ > 1),
XY -type (∆ < 1), and Heisenberg-type (∆ = 1) mag-
nets, spins in the low-temperature phase are, respec-
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tively, long-range-ordered via a magnetic phase tran-
sition, quasi-long-range-ordered via the KT topological
transition, and disordered. Based on the linear response
theory, we have calculated the thermal conductivity κµν
and the spin-current conductivity σsµν by means of the
hybrid Monte-Carlo and spin-dynamics simulations. It is
found that σsµν reflects the effect of the anisotropy, i.e.,
the difference in the ordering properties, while κµν does
not with its longitudinal component κxx (=κyy) increas-
ing toward T = 0 as a power function of temperature
independently of ∆. For the XY -type anisotropy, the
longitudinal spin-current conductivity σsxx (= σ
s
yy) ex-
hibits a divergence at the Kosterlitz-Thouless (KT) tran-
sition temperature TKT obeying the exponential form,
σsxx ∝ exp
[
B/
√
T/TKT − 1
]
with B = O(1), while
for the Ising-type anisotropy, the temperature depen-
dence of σsxx is almost monotonic without showing a clear
anomaly at the magnetic transition temperature TN . In
the Heisenberg-type isotropic case, σsxx exhibits a mono-
tonic exponential increase toward T = 0. By analyz-
ing the time correlation of the spin current at various
temperatures, we find that the divergent enhancement
of σsxx at TKT is due to the exponential rapid growth
of the spin-current-relaxation time toward TKT . Such a
long spin-current-relaxation time can be interpreted as a
manifestation of the topological nature of a vortex whose
lifetime is expected to get longer toward TKT since the
pair-annihilation of vortices should occur more sporad-
ically with the increase of the inter-free-vortex distance
toward TKT . This suggests that the topological object
of the vortex excitation should be crucial for the spin
transport.
Now, we will address possible experimental platforms
to investigate the pronounced enhancement of the lon-
gitudinal spin-current conductivity σsµµ associated with
the KT transition. As the divergent peak in the σsµµ(T )
curve toward TKT can commonly be seen in both fer-
romagnets and antiferromagnets only if an XY -type
anisotropy exists, good candidate systems are quasi-two-
dimensional magnets having the signature of the KT
transition such as the S = 1/2 square-lattice ferromag-
net K2CuF4 [38–41], the S = 1 honeycomb-lattice an-
tiferromagnets BaNi2X2O8 (X=As, P, V) [42–48], the
S = 5/2 honeycomb-lattice antiferromagnet MnPS3 [49–
51], and the stage-2 NiCl2 [52–54] and CoCl2 [55–57]
graphite intercalation which are respectively S = 1 and
S = 1/2 triangular-lattice ferromagnets. In these com-
pounds, a three-dimensional inter-layer coupling is ex-
tremely small, so that at first sight, the system may be
regarded as a two-dimensional XY -type magnet. In re-
ality, however, on approaching TKT at which the spin
correlation length ξs diverges, the effective coupling be-
tween neighboring layers grows rapidly as the area of the
correlated region ξ2s rapidly increases, eventually lead-
ing to a three-dimensional long-range-order as long as
such a perturbative coupling is nonzero. Indeed, all the
above compounds undergo a phase transition into a long-
range-ordered state before reaching TKT . Nevertheless,
they have a two-dimensional XY -like crossover regime
just above the magnetic transition, in which the critical
phenomena peculiar to the KT transition have been ob-
served. Thus, measurements of the spin-current conduc-
tivity in this crossover regime could, in principle, detect
the pronounced enhancement of the longitudinal spin-
current conductivity toward the virtually existing TKT .
In the XY magnets, the true divergence associated
with the topological transition cannot be detected be-
cause the three-dimensional long-range-order inevitably
appears before reaching TKT . In Heisenberg magnets,
however, such a divergence might be detectable if there
exists a magnetic frustration leading to a non-collinear
spin-ordering. In such frustrated Heisenberg magnets,
a topological defect is the so-called Z2 vortex and the
KT-type Z2-vortex transition is expected to occur at Tv
[63–65]. In contrast to the KT transition, although the
inter-free-vortex distance diverges at Tv, ξs remains fi-
nite at any finite temperature. Thus, a divergent en-
hancement associated with the Z2-vortex transition, if it
occurs, is not necessarily masked by a three-dimensional
long-range-order in real materials. This may be an inter-
esting issue, but we will leave further detailed analysis
for our future work.
As demonstrated in the present paper, the thermal
transport is insensitive to the difference in the ordering
properties. In extracting the magnetic contribution from
the total longitudinal thermal conductivity, great care
has to be taken because it contains phonon contribution
as well in the temperature range typical for magnetic
transitions. In contrast, the spin-current conductivity
should be of purely magnetic origin unless a magnon-
phonon coupling is strong enough, suggesting that the
spin-current measurements may be a promising probe to
detect nontrivial magnetic excitations such as vortices.
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Appendix A: Ordering properties of the classical
antiferromagnetic XXZ model on the square lattice
The ordering properties of the classical antiferromag-
netic XXZ model (1) on the square lattice can be inves-
tigated by MC simulations. Figure 15 shows the tem-
perature dependences of the specific heat C (upper), the
order parameter for the two-sublattice antiferromagnetic
order (middle), the ratio of the spin-correlation length
to the linear system size L (bottom) for ∆ = 1.05, 0.95,
and 1. Here, in the Ising-type (∆ = 1.05), XY -type
(∆ = 0.95), and Heisenberg-type (∆ = 1) spin systems,
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FIG. 15: The temperature dependences of the specific heat (upper), the antiferromagnetic order parameter (middle), and the
ratio of the spin correlation length to the system size (bottom) in the (a) Ising-type (∆ = 1.05), (b) XY -type (∆ = 0.95), and
(c) Heisenberg-type (∆ = 1) spin systems. In (a) and (b), red arrows indicate the magnetic and KT transition temperatures,
TN/|J | ≃ 0.75 and TKT /|J | ≃ 0.6, respectively.
the order parameters and the associated spin-correlation
lengths are respectively given by mzAF and ξ
z
s , m
xy
AF and
ξxys , and mAF and ξs which are defined by
mzAF =
√
Gz(Q),
mxyAF =
√
Gx(Q) +Gy(Q),
mAF =
√
Gx(Q) +Gy(Q) +Gz(Q)
ξzs =
1
2 sin(pi/L)
√
Gz(Q)
Gz(Q+ kmin)
− 1,
ξxys =
1
2 sin(pi/L)
√ ∑
α=x,yG
α(Q)∑
α=x,yG
α(Q+ kmin)
− 1,
ξs =
1
2 sin(pi/L)
√ ∑
α=x,y,zG
α(Q)∑
α=x,y,zG
α(Q+ kmin)
− 1,
Gα(q) =
〈∣∣ 1
Nspin
∑
i
Sαi e
iq·ri
∣∣2〉,
Q = (pi, pi), kmin = (2pi/L, 0). (A1)
In our MC simulations, we perform 3 × 105 MC sweeps
and the first 105 sweeps are discarded for thermalization,
where one MC sweep consists of the 1 heat-bath sweep
and successive 10-30 over-relaxation sweeps. Observa-
tions are done in every MC sweep, and the statistical
average is taken over 10 independent runs starting from
different initial spin configurations.
As one can see from Fig. 15 (a), in the Ising case of
∆ = 1.05, the specific heat C exhibits a sharp peak asso-
ciated with the antiferromagnetic transition at TN/|J | ≃
0.75. Correspondingly,mzAF starts growing up at TN and
ξzs/L for different system sizes cross one another at TN ,
which is usually the case for ordinary continuous mag-
netic phase transitions.
In the XY case of ∆ = 0.95, the KT transition temper-
ature is estimated to be TKT /|J | ≃ 0.6 in Refs. [34–36].
Actually, as one can see from Fig. 15 (b), ξxys /L for differ-
ent system sizes merge one another below TKT , whereas
the specific heat only shows a broad peak slightly above
TKT and m
xy
AF is suppressed with increasing L because of
the absence of the true magnetic long-range order.
In the Heisenberg case of ∆ = 1, the specific heat
shows only a broad peak near T/|J | ≃ 0.7 and the spin-
correlation length ξs is finite at any finite temperature
as is suggested from the fact that in Fig. 15 (c) ξs/L
continues to be suppressed with increasing the system
size L at all the temperatures.
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